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We show that for a certain low frequency limit, the wave equation of a generic massive scalar ﬁeld in
the background of the spacelike warped AdS3 black hole can be written as the Casimir of an SL(2, R)
symmetry. Two sets of SL(2, R) generators are found which uncover the hidden SL(2, R) × SL(2, R)
symmetry of the solution. This symmetry is only deﬁned locally and is spontaneously broken to
U (1) × U (1) by a periodic identiﬁcation of the φ coordinate. By using the generator of the identiﬁcation
we read the left and right temperatures (TL , TR ) of the proposed dual conformal ﬁeld theory which are
in complete agreement with the WAdS/CFT conjecture. Moreover, under the above condition of the scalar
wave frequency, the absorption cross section of the scalar ﬁeld is consistent with the two-point function
of the dual CFT.
© 2010 Elsevier B.V. Open access under CC BY license. 1. Introduction
It is well known that adding higher derivative terms to three-
dimensional gravity (with cosmological constant) yields to novel
theories. An interesting example of such theories is Topologically
Massive Gravity (TMG) [1,2]. It contains the gravitational Chern–
Simons action as a correction to the 3D Einstein gravity with the
cosmological constant (see (2.1)). Besides the AdS3 solution and the
BTZ black holes, TMG admits other vacuum known as warped AdS3
[3,4] and its corresponding black holes [5–7].
Warped AdS3 solutions can be obtained by ﬁbring the real line
over AdS2 but with a constant warp factor multiplying the ﬁber
metric. As a result, the SL(2, R) × SL(2, R) isometry of the AdS3
breaks down to SL(2, R) × U (1). It was shown in [8] that the
warped AdS3 black holes are discrete quotients of warped AdS3 by
an element of SL(2, R)×U (1). Motivated by this fact it was conjec-
tured in [8] that the warped AdS3 gravity has dual conformal ﬁeld
theory with central charges
cL = 4ν
G(ν2 + 3) , cR =
(5ν2 + 3)
Gν(ν2 + 3) . (1.1)
Entropy calculation using Cardy formula and asymptotic sym-
metry group (ASG) analysis [9–12] support this conjecture. Never-
theless, the warped AdS3 geometries do not have the full SL(2, R)×
SL(2, R) conformal symmetry in the bulk and this is somehow
different from the usual AdS/CFT dictionary. Recently, in an inter-
esting paper [13] a similar problem has been studied in another
geometry, namely the 4D Kerr black hole. According to [13] (which
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it is not necessary that the conformal symmetry has a realization
in terms of the spacetime symmetries. Rather it is suﬃcient that
the solution space of the wave equation for the propagating ﬁeld
has a conformal symmetry. Generalization of this idea to other
black holes in 4D and 5D and the study of its various aspects have
been recently carried out in [18–26].
In this Letter we show that a similar idea is at work for warped
AdS3 black holes. To do so, similarly to [13], we show that a mas-
sive scalar ﬁeld propagating in the spacelike warped AdS3 black
hole can probe a hidden conformal symmetry. This hidden symme-
try is unfolded by reducing the scalar Laplacian to the Casimir of
the SL(2, R) symmetry. It is notable that this reduction is done for
a particular limit of the scalar ﬁeld frequency. We ﬁnd two sets of
vector ﬁelds which identify the SL(2, R)×SL(2, R) symmetry of the
solution space. We should note that this symmetry is only locally
deﬁned and is broken down to U (1)×U (1) by the periodic identi-
ﬁcation of the φ coordinate. This is somehow similar to AdS3 case
which yields BTZ black hole upon a discrete identiﬁcation. Hence,
using the generator of the identiﬁcation, we can read the left and
right temperatures of the dual CFT which are in agreement with
WAdS/CFT conjecture [8]. As a result, massive scalar ﬁelds with
frequencies less than a particular value do not see the warped as-
pect of the background. Moreover, the range of frequencies which
makes the above reduction of the scalar wave equation possible,
brings a signiﬁcant simpliﬁcation on the absorption cross section
of the scalar ﬁeld and one can see remarkable similarity between
the ﬁnal result and the two-point function of the conjectured dual
conformal ﬁeld theory.
After a quick review of the warped AdS3 black hole in Section 2,
in Section 3 we identify the hidden SL(2, R) × SL(2, R) symmetry
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rewrite it in terms of the CFT quantities. The last section is devoted
to conclusions.
2. Warped AdS3 black holes
Topologically Massive Gravity (TMG) is given by the action
ITMG = 1
16πG
[∫
M
d3x
√−g
(
R + 2
2
)
+ 1
μ
ICS
]
, (2.1)
where μ is a positive constant and
ICS = 1
2
∫
M
d3x
√−gελμνΓ αλσ
(
∂μΓ
σ
αν +
2
3
Γ σμτΓ
τ
να
)
(2.2)
is the gravitational Chern–Simons term [1,2]. The theory admits
regular black hole solution for [5–7]
ν ≡ μ
3
> 1. (2.3)
These black holes may be obtained by performing discrete identi-
ﬁcations in the spacelike WAdS3 given as [8]
ds2 = 
2
ν2 + 3
[
− cosh2 σ dτ 2 + dσ 2
+ 4ν
2
ν2 + 3 (du + sinhσ dτ )
2
]
. (2.4)
In the ADM parametrization, the spacelike warped AdS3 black
holes is given by
ds2 = −N(r)2 dt2 + 2R(r)2(dφ + Nφ(r)dt)2 + 4 dr2
4R(r)2N(r)2
,
(2.5)
where
R(r)2 ≡ r
4
(
3
(
ν2 − 1)r + (ν2 + 3)(r+ + r−)
− 4ν
√
r+r−
(
ν2 + 3)),
N(r)2 ≡ 
2(ν2 + 3)(r − r+)(r − r−)
4R(r)2
,
Nφ(r) ≡ 2νr −
√
r+r−(ν2 + 3)
2R(r)2
, (2.6)
and r+ and r− are respectively the location of the outer and inner
horizons.
For ν = 1 this metric reduces to the metric of BTZ in a rotat-
ing frame. Moreover, for ν < 1 the metric (2.5) results in closed
timelike curves and hence we only consider the ν  1 range.
The Hawking temperature, TH , and the angular velocity at the
outer horizon, ΩH , are given by
TH = (ν
2 + 3)(r+ − r−)
4π(2νr+ −
√
(ν2 + 3)r+r−)
, (2.7)
ΩH = − 2
(2νr+ −
√
(ν2 + 3)r+r−)
. (2.8)
One can easily verify that black holes (2.5) satisfy the ﬁrst law
of thermodynamics for the values of the Wald entropy, ADT mass
and angular momentum given by [27–30]S = π
24νG
[(
9ν2 + 3)r+ − (ν2 + 3)r− − 4ν√(ν2 + 3)r+r−],
(2.9)
MADT = (ν
2 + 3)
24G
(
r+ + r− − 1
ν
√
r+r−
(
ν2 + 3)), (2.10)
J ADT = ν(ν
2 + 3)
96G
[(
r+ + r− − 1
ν
√
r+r−
(
ν2 + 3))2
− (5ν
2 + 3)
4ν2
(r+ − r−)2
]
. (2.11)
3. Hidden conformal symmetry
In this section we consider a massive scalar ﬁeld propagating in
the background of warped AdS3 black hole (2.5). The classical wave
equation describing the dynamics of the scalar ﬁeld is(
1√−g ∂μ
√−g∂μ −m2
)
Φ = 0. (3.1)
By making use of the Fourier expansion
Φ(t, r, φ) = e−iωt+ikφ S(r) (3.2)
and using (2.5)–(2.6), Eq. (3.1) can be recast into
∂r
(
(r − r+)(r − r−)∂r S(r)
)
+ (2νr+ω − ω
√
r+r−(ν2 + 3) + 2k)2
(r − r+)(r+ − r−)(ν2 + 3)2 S(r)
− (2νr−ω − ω
√
r+r−(ν2 + 3) + 2k)2
(r − r−)(r+ − r−)(ν2 + 3)2 S(r)
+ 3(ν
2 − 1)
(ν2 + 3)2 ω
2S(r)
= 
2m2
ν2 + 3 S(r). (3.3)
Solutions to this equation have been previously studied in liter-
ature (see [31–37]). In this section we will observe that for the
cases that the last term of (3.3) can be neglected, the scalar Lapla-
cian of the wave equation can be written as an SL(2, R) Casimir.
For ν = 1 the last ω2 term of (3.3) is zero and no extra condition
is needed. Since for ν = 1 the warped black holes reduce to the
BTZ black holes in the rotating coordinate, this is consistent with
the local SL(2, R) × SL(2, R) symmetry of the BTZ background.
In order to neglect the last term of (3.3) for ν > 1, we require
that1
ω2  (ν
2 + 3)2
3(ν2 − 1) . (3.4)
Unlike the higher dimensional black holes [13,18–23], it is not nec-
essary to divide the geometry to the near and the far regions. As
we will see, condition (3.4) is enough to reduce the scalar Lapla-
cian of Eq. (3.3) to the SL(2, R) Casimir. This means that a scalar
ﬁeld with suﬃciently small frequency can probe the SL(2, R) sym-
metry everywhere in the spacetime.
As has been done in [34] and [36], one may propose that in-
stead of imposing (3.4), it is possible to include the last ω2 term
to the right-hand side of (3.3) and write the remaining part of
the LHS of (3.3) as the Casimir of SL(2, R). However, then because
1 It is clear from (2.5) that t is dimensionless and hence ω is dimensionless too.
The natural units for energy is 1/l.
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will be frequency-dependent. We need to avoid this frequency-
dependent weights in the context of hidden symmetry because,
as we will see explicitly in the next subsection, ω is the eigen-
value of a non-Casimir combination of SL(2, R) generators. Hence,
the SL(2, R) × SL(2, R) symmetry of (3.3) is only manifest in the
low energy limit set by (3.3).
Let us try to understand the condition (3.4) better. Noting that
the Warped AdS3 space (2.4) and Warped AdS3 black hole (2.5)
are related by a local coordinate transformation [8] (see (3.18)), it
will prove convenient to translate (3.4) in terms of the frequency
and wavelength of the scalar ﬁeld propagating in the Warped AdS3
space (2.4). One simple way to do so is using the identiﬁcation of
[36] to relate the (ω,k) of the warped black hole to the (ω˜, k˜) of
the warped AdS3 background:
ω˜ = 2
ν2 + 3k, k˜ =
2ν
ν2 + 3ω. (3.5)
In fact, this relations has been introduced in [36] by using the
identiﬁcation of [38] to relate the asymptotic geometry of the
warped AdS3 space and the warped AdS3 black hole.
In terms of the parameters of the warped AdS3 background,
condition (3.4) takes the form
1
k˜2
 3(ν
2 − 1)
4ν2
= 1− α, (3.6)
where α is the ratio of the radius of the AdS2 space to the ra-
dius of the ﬁber space in (2.4). For the ordinary AdS3 space, α = 1
and the deviation from this value indicates the amount of warping.
Condition (3.6) shows that in order to have hidden SL(2, R) sym-
metry, the wavelength of the scalar ﬁeld must be much greater
than the difference between the radius of the AdS2 and the radius
of the ﬁber space in (2.4), so that the warping essentially remains
unnoted by the scalar probe.2
3.1. SL(2, R)L × SL(2, R)R symmetry
Let us now deﬁne the vector ﬁelds
H0 = − 2iν
ν2 + 3
TL
T R
∂t + i
2πTR
∂φ,
H1 = ie−2πTRφ
[
− ν
(ν2 + 3)√
(
(2r − r+ − r−) TL
T R
+ r+ − r−
)
∂t +
√
∂r + 2r − r+ − r−
4πTR
√

∂φ
]
,
H−1 = ie2πTRφ
[
− ν
(ν2 + 3)√
(
(2r − r+ − r−) TL
T R
+ r+ − r−
)
∂t −
√
∂r + 2r − r+ − r−
4πTR
√

∂φ
]
, (3.7)
and also
H¯0 = 2iν
ν2 + 3∂t,
H¯1 = ie− ν
2+3
2ν t−2πTLφ
[
ν((ν2 + 3)(2r − r+ − r−) + 8πTL)
(ν2 + 3)2√ ∂t
+ √∂r − 2
(ν2 + 3)√∂φ
]
,
2 The author would like to thank M.M. Sheikh Jabbari for making this point.H¯−1 = ie ν
2+3
2ν t+2πTLφ
[
ν((ν2 + 3)(2r − r+ − r−) + 8πTL)
(ν2 + 3)2√ ∂t
− √∂r − 2
(ν2 + 3)√∂φ
]
, (3.8)
where
TR = (ν
2 + 3)(r+ − r−)
8π
, (3.9)
TL = ν
2 + 3
8π
(
r+ + r− −
√
r+r−(ν2 + 3)
ν
)
, (3.10)
 = (r − r+)(r − r−). (3.11)
It is not diﬃcult to see that they satisfy the SL(2, R) × SL(2, R)
algebra
[Hn, Hm] = i(n −m)Hn+m,
[H¯n, H¯m] = i(n −m)H¯n+m (n,m = −1,0,1),
[Hn, H¯m] = 0. (3.12)
Moreover, one may readily verify that after imposing condition
(3.4) the wave equation (3.3) can be written as
H2Φ = H¯2Φ = 
2m2
ν2 + 3Φ (3.13)
where H2 and H¯2 are the SL(2, R) quadratic Casimir given by
H2 = −H20 +
1
2
(H1H−1 + H−1H1), (3.14)
and similarly for H¯2. Hence the scalar Laplacian can be written as
the SL(2, R) Casimir and the SL(2, R)L × SL(2, R)R weights of the
scalar ﬁeld are
(hL,hR) =
(
1
2
√
1+ 4
2m2
ν2 + 3 −
1
2
,
1
2
√
1+ 4
2m2
ν2 + 3 −
1
2
)
. (3.15)
It is notable that this conformal weights are in agreement with the
results of [34] and [36] in the low frequency limit (3.4).
Similar to higher dimensional black holes [13,18–23], the above
SL(2, R)×SL(2, R) symmetry acts on the solution space only locally
because the vector ﬁelds (3.7) and (3.8) are not periodic under the
identiﬁcation φ = φ + 2π . This identiﬁcation is generated by the
group element
e∂φ = e−i2π(TR H0+TL H¯0) (3.16)
which is the same identiﬁcation used in [8] to produce the warped
black holes as a quotient of the warped AdS3. Interestingly, H0
and H¯0 coincide respectively with −i J˜2/2 and i J2/2 of [8] and
TR and TL with the advertised right and left temperatures of the
conformal ﬁeld theory dual to the warped AdS black holes. Thus
we obtain another evidence for the conjecture of [8] that warped
AdS3 gravity of TMG has a holographic dual description in terms of
a 2-dimensional conformal ﬁeld theory. The Entropy calculation of
[8] using the Cardy formula
S = π
2
3
(cL T L + cR T R) (3.17)
supports this hypothesis.
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τ = tan−1
(
2
√

2r − r+ − r− sinh(2πTRφ)
)
,
u = ν
2 + 3
2ν
t + 2πTLφ
+ tanh−1
(
2r − r+ − r−
r+ − r− coth(2πTRφ)
)
,
σ = sinh−1
(
2
√

r+ − r− cosh(2πTRφ)
)
. (3.18)
In this new coordinate the metric of warped AdS3 black hole (2.5)
takes the form (2.4) i.e. the metric of the spacelike warped AdS3
geometry [8]. In the coordinate {τ ,σ ,u}, the vector ﬁelds Hn and
H˜n (n = −1,0,1) are written as
H0 = − i
2
J˜2, H1 = i
2
( J˜0 − J˜1), H−1 = i
2
( J˜0 + J˜1),
(3.19)
H˜0 = i
2
J2, H˜1 = i
2
( J1 − J0), H˜−1 = i
2
( J1 + J0), (3.20)
where
J1 = −2 sinhu
coshσ
∂τ − 2coshu∂σ + 2 tanhσ sinhu∂u, (3.21)
J2 = 2∂u, (3.22)
J0 = 2coshu
coshσ
∂τ + 2 sinhu∂σ − 2 tanhσ coshu∂u, (3.23)
and
J˜1 = 2 sinτ tanhσ∂τ − 2cosτ∂σ + 2 sinτ
coshσ
∂u, (3.24)
J˜2 = −2cosτ tanhσ∂τ − 2 sinτ∂σ − 2cosτ
coshσ
∂u, (3.25)
J˜0 = 2∂τ , (3.26)
are the SL(2, R)L × SL(2, R)R Killing vectors of an AdS3 written in
the ﬁbred form
ds2 = 
2
4
[− cosh2 σ dτ 2 + dσ 2 + (du + sinhσ dτ )2]. (3.27)
This is interesting that the hidden conformal symmetry of the
spacelike warped AdS3 black hole is locally the isometry of the
AdS3 geometry. This means that scalar ﬁelds with frequency (3.4)
do not feel the warped feature of the spacetime.
3.2. Absorption cross section
In order to elaborate on the hidden aspect of the conformal
symmetry, we consider scattering of the massive scalar ﬁeld in the
background of the warped AdS3 black hole. It is notable that this
issue has recently been studied in [31,33,35]. In this section we
only clarify the effect of the condition (3.4) in their calculations.
After imposing condition (3.4) on the scalar wave equation
(3.3), the absorption cross section of the scalar ﬁeld takes the fol-
lowing form (see formula (5.1) of [35])
σabs ∼ sinh
[
2π(Ω+ω + Uk)
]∣∣∣∣Γ
(
1
2
+ 1
2
√
1+ 4m
22
ν2 + 3
− i(ω(Ω+ + Ω−) + 2Uk)
)∣∣∣∣
2
×
∣∣∣∣Γ
(
1
2
+ 1
2
√
1+ 4m
22
ν2 + 3 − iω(Ω+ − Ω−)
)∣∣∣∣
2
(3.28)where
U = 2
(r+ − r−)(ν2 + 3) , (3.29)
Ω+ = 2νr+ −
√
r+r−(ν2 + 3)
(r+ − r−)(ν2 + 3) , (3.30)
Ω− = 2νr− −
√
r+r−(ν2 + 3)
(r+ − r−)(ν2 + 3) . (3.31)
Now we want to rewrite (3.28) in terms of the dual CFT param-
eters such as left and right temperatures, their conjugate charges
and the conformal weights (hL,hR). The conjugate charges δEL and
δER are determined through the relation
δS = δEL
TL
+ δER
TR
(3.32)
where S is the entropy. Using the ﬁrst law of thermodynamics
δS = δM
TH
− ΩH
TH
δ J (3.33)
and identifying δM = ω/ and δ J = k, we can ﬁnd the left and
right conjugate charges as
ωL ≡ δEL = 1
2
(
ν(r+ + r−) −
√
r+r−
(
ν2 + 3))ω, (3.34)
ωR ≡ δER = 1
2
(
ν(r+ + r−) −
√
r+r−
(
ν2 + 3))ω + k

. (3.35)
Finally we can rewrite (3.28) as
σabs ∼ T 2hL−1L T 2hR−1R sinh
(
ωL
2TL
+ ωR
2TR
)∣∣∣∣Γ
(
hL + i ωL
2π TL
)∣∣∣∣
2
×
∣∣∣∣Γ
(
hR + i ωR
2π TR
)∣∣∣∣
2
, (3.36)
which is the well-known absorption cross section for a 2d CFT.
4. Conclusion
In this Letter we have studied the hidden conformal symme-
try of warped AdS3 black holes. We have shown that although
the warped AdS3 background does not have a SL(2, R)L × SL(2, R)R
isometry, it is still the hidden symmetry of the solution space. The
context is very similar to that in higher dimensional black holes
and seems to open a new window into the BH/CFT duality. Al-
though we have only considered scattering of a scalar ﬁeld, it is
plausible that the analysis works for any other ﬁelds propagating
in the warped AdS3 background. Our result may be thought of as a
supporting evidence in favor of the WAdS/CFT conjecture.
An important question at this stage is how this hidden symme-
try can be enhanced to the Virasoro algebra. In fact this question
is in the light of Brown and Henneaux’s work [39] that the local
symmetry of the background is enhanced to the Virasoro algebra
at the boundary by making use of the asymptotic symmetry group.
Generalizing the ASG method for the hidden symmetry of the bulk
and using it to identify somehow the central charges of the dual
CFT seem interesting questions.
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